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Abstract--“Sideways heat equation and wavelets” [l], written by Begin&a, is one of the earliest 
important literatures about solving ill-posed problem by wavelet regularization. But, there exists a 
defect in its main conclusion. The aim of this paper is to modify it and to provide a complete proof, 
from which a new interesting constant e* is introduced. @ 2002 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUCTION 
In [l], a new approach of wavelet regularization of the following sideways heat equation [2] in the 
quarter plane (t 2 0, x > 0) has been considered: 
u II = Utr for x 2 0, t 2 0, 
u(z,O) = 0, for 2 > 0, (1.1) 
41,t) = g(t), for t 1 0, 
where g E L’(O, 00). We look for such a solution u(x, .) E L2(0, co) which is bounded as x -+ 00. 
Let the definitions of g(t) and u(x, t) be extended to the whole real t-axis by defining g(t) and 
u(x, t) be zero for t < 0. Instead of the exact function g = g+, we have a certain measured data gc 
such that 
11% - 9811 L 6, (1.2) 
for some given c > 0, where ]I. )I denotes the norm in L2(R) and (., .) the inner product in L2(R). 
Moreover, we assume that an a priori bound of the exact solution norm is known: 
llfll = II44~)II I M. (1.3) 
Let us introduce a sequence of positive real numbers oj for j E 2’ such that oj = 2joc, where Z 
is the set of the integers. Denote L: = {f(t) ( f E L2(R), Suppf c [-aj+2,aj+z]}. We assume 
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that xj is the characteristic function of interval [-oj+2,oj+z] and operator II, : L2(R) + L2(R) 
is defined by $9 = xjg for any g E L2( R). D enote the $(t) the Meyer wavelet, then the set 
of functions $jk(t) = 2ji2$(2jt - k) for j,lc E 2 is an orthonormal basis of L2(R) [3]. Put 
QO = (2/3)~, then Supp&E) = {I I ao I /El I (~2)~ SuPPGjk = {C I aj I IEl I aj+2}, where 
 ^  ^
+, +jk are the Fourier transform of q(t) and $jk(t). 
Let J?j be the subspace of L2(R) defined by 
and Pj the following project operator of L2(R) onto rZ,: 
Applying the Fourier transform with respect to t to problem (1 .l), we get the following problem 
in frequency space: 
fL&, E) = @(? 0, 
G(l,[) = i(J), C],,, bounded. (1.4) 
The solution of (1.4) which is the Fourier transform of the solution of (1.1) is 
in particular, 
f^([) = ?2(O,J) = e&i(<). 
Let Q,j denote the solution of the problem 
k,(?E) = ~~fi(~,E), 
G(l,<) = ITjoe( C(,,, bounded, 
and 6,j be the solution of following problem: 
If j = j(c) is such that 
eea 5 M and J’(E) + 03, when E + 0, 
(1.5) 
(1.6) 
(1.7) 
(1.8) 
(1.9) 
then Lemma 4 in [l] has given the conclusion: for I[: > (a - 1)/d holds 
and the estimation 
I/TJ,~(~ .) - u(q .)/I2 5 2M2(‘-“) (2~~” + Eg”) + 2C,M2(1-~/2-1),3(t+~/2-1), (1.10) 
where 
cj I= Me-G 
and Cj is a certain sequence converging to 0 as j ---f co. 
(1.11) 
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Let us introduce a decreasing sequence of knots {xi}, i = 0, 1,2,. . . , such that 
1.X,.+ Xi-1 > Xi > $$Xi_l. 
In addition, let functions 8,j (x, 6) be given by the following recurrence definition: 
Gj (x1 C) = 
{ 
efi’i-“‘P&([), for 2 E [Xc, l), 
e~'lL-'--I'Pj_kri~j(XCk_l,F), for 5 E [Xk,Xk-I), R = 1,2,.... 
Then the main conclusion of [I] is the following. 
(1.12) 
(1.13) 
THEOREM. THEOREM 5 IN [l]. Let gr be measured data satisfying (1.2) and vEj(x, t) be defined 
by (1.12) and (1.13). If j = j(e) satisfies inequality (1.9), then for any x E (0, l), the following 
holds: 
II%j(X, .) - 4x7 .)I1 -+ 0, when E -+ 0. (1.14) 
The problems in the above result are 
(1) the selection of knots {zk}, k = 1,2, . . . , is not completely correct; 
(2) the method provided in the paper cannot prove that (1.14) holds near x = 0. 
2. MODIFICATION OF THE MAIN RESULT 
AND THE CONSTANT e* 
THEOREM 2.1. Let gB be measured data satisfying (1.2). Let {xk} be the decreasing sequence 
of knots that holds: 
1 > X,, > (1 - 2-1’2), xk_1 > xk > (I - 2-(k+1)‘2)Xk_i, k= 1,2,.... (2.1) 
Let v,j(x,t) be defined by (2.1) and (1.13). If j = j(e) satisfies inequality (1.9), then for any 
x E (e*, l), we have 
J$o II&J (2, .) - u(xc, .)I1 = 0, (2.2) 
where 
e* = ,limmek, ek = 1 - 2-‘12 1 -2-V 
0.037513 < e’ < 0.037514. 
PROOF. We will insert some lemmas for convenience of discussion. 
JJvcj(X, ‘> - u(X, ‘>I\ I ll~cj(X, ‘) - %j(X, ‘)\I + ll%j(X3 ‘1 - U(X, ‘)\I. 
According to Theorem 3 in [l], for any x E (0, l), we have 
So we only need to estimate ))tJgj(X, .)- u,j(X, .)I\. 
In order to do this, we introduce an auxiliary function: 
%j (x, 0 = 
ea(l-z)IIj&(<), for z E [zc, l), 
e~‘~h-1-~‘~~_k~iLg3(Xk__l, 0, for 5 E [Xk, X&l), k = 1,2,. . 
(2.3) 
By the definition of 6,j, i&j, i,j, we have 
&j(X,E) - Cj(X,E) = 
{ 
0, for 2 E [xc, l), (2.4) 
efi(zh-l-z)(L - Pj-k)&j(xk-i,[), fOrXE[Xr,,X&1), k=1,2 ,..., 
and 
cej(X7 E) - &j(X, E) = 
f&j (5, El - Q,j (GE), for x E [x0, l), (2.5) 
e~'2h-1-I'Pj_k(~~j(Xk-1,E)-~iL,j(Xk_l,~)), for 2 E [X,+,X,&& k = 1,2.. 
1128 
LEMMA 2. 
(i) 
1. 
(ii) 
PROOF. 
(i) 
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SUPP(%j(Zo,Q - Gj(Xo,E)) c {E I q+1 I 151 I 9+2), (2.6) 
(2.7) 
i&j(20,J) = efl”-““‘Pj&([), 
i&j(q), [) = efi(l-z+IjJe(rg, 
&jb0,0 - &jb0,t) = e JiT’l-““‘(pjG,(~) - fljh(E)) 
= ea(l-zO) Pjije(<) - II, 1 [ Pj&(<) 
note that Supp?jj+I,k’ (0 ={< I “j+1 I 14 I 9+31, SUPP$ ={t I IEI I “j+2), so SUPP(%j(ZO,J) 
-%j(2o,t)) c (6 I “j+1 I ICI “j+2). 
(ii) we only need to prove &(z,<) - &j(x,[) = 0, z E [xk,xk-I), for any k = 1,2,. . . . 
(1) For z E [z~,xo), we have 
%j (2, E) - &j b, E) = e ~(“o-I)Pj-l(B,j(zo,~) - ?&j(ZO,J)). 
Since SuppPj_1 c {E 1 ItI 5 cq+l} and (2.6), we have 
pj-l(fi,j(ZO,J) - fi,j(zo,t)) = 0, (2.8) 
so i&(x,i$) - iLj(z,e) = 0, for z E (21,20). 
(2) For z E [x2,21) from (2.5), (1.13), and (2.8), we have 
%j(Z, <) -&j(G E) = e~(“-“)Pj_2(~~j(Z1,E) - &LE~(z~,E)) 
=e VWl-4pj_, 
[ 
efi(zo-z1)Pj-1GEj(20, 0 - e\/jT(50-Il)~~j(20,~)] 
=_&z(~I-4pj_2 
l>j;l,k'EZ 
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Note that 
while 
SUPPPj-2 C {E I I(1 5 ajI 7 
SO 
i.e., 
pj-2 (6cj(xl,<) - Cj(21rt)) = 0. 
It follows from (2.9) that 
(2.9) 
(3) In order to prove fiCj(z,<) - E,j(z,c) = 0, z E [zk, ICY_1) for any k, we use induction. Let 
i.e., 
pj-k (cej(xk-l,E) -‘&j(5k-l,E)) = 0, for Z E [Zk, Z&-1). (2.10) 
Then for x E [Zk+l,zk), according to (1.13), (2.5), and (2.10), it follows that 
‘C,j(Zc, <) - &j(x, e) = ea(“‘-z)Pj-(k+l) (cej(xk, <) - ‘&j(Zkr E)) 
=e ma-4pj_(k+l) 
x exm(~k-l-““)pj_k~,j(zk_l,~) _ emk-l-““)f,j( xk-lrt)] 
=e 4a+b-+)pj_(k+l) 
- ‘&j(Zk-lrt)) - c (6~j(Zk-lrE)r~lk’(E)) &kf(t) 
l>j-k+l;I,k’EZ II 
= -e mQ4pj_(k+l) 
c (‘h(xk-lr6)r $lk’(E)) G[k’(t) . 
I>j-k+l;l,k’EZ 1 
Note that 
supp elmlk-l-5c) 1 c (.iLfj(~k-l,E,,i,k~(~)) &k’(t) C {E 1 ItI 2 aj-k+l) T Dj-k+l;l,k’EZ 
while 
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SO 
Pj-(k+l) edalk--l-+d c (a,j(xk-l,F),~lk’(E)) ?Zlk’(t) = 0, 
I>j-k+l; 1,k’EZ 1 
i.e., Pj-(k+l) (*cj(Zk, E) - &j(zk, E)) = 0, SO i&(x,<) - &j(Z,<) = 0, for 2 E [xk+l,xk). 
By the principle of induction, we have 
&j (z, E) - &j (XT E) = 0, for z E (0, x0), P = $imm 2k. I 
CONTINUATION OF THE PROOF OF THEOREM 2.1. Let q-, satisfy 1 - l/fi < x0 < 1, then for 
z E (xc, l), Lemma 4 in (11 has given estimation (1.10). For z E (xk,zk-I), k = 1,2,. . . , with xk 
satisfies (2.1), by Lemma 2.1, we have 
For any h(t) E L;(R), 
h(e) = Pj-kh + (1 - P&h 
= c @h&k (E)) i&k’(<) + c (h(E), &k’ (<)) &k’ (0, (2’12) 
l<j-k; 1,k’EZ Dj-k+l;I,k’eZ 
l-&h(E) = h(O. (2.13) 
Since supp&’ (E) = {c 1 o1 5 I‘$/ 5 W+z}, when 1 < j - k, we have o1+2 < aj-k+‘J I Oj+2 and 
‘j&k’(<) = $lk’(‘8> for 1 < j - k. (2.14) 
From (2.12)-(2.14), we conclude that 
h(t) = c (h(E), &k! (t)) &k’(E) + C (h(E), Glk’(E)) njqlk’ (E). (2.15) 
llj-k;l,k’EZ l>j-k+l;l,k’EZ 
It is easy to see that 
njGlk’ (c) = 0, 
Combining this with (2.15), we get 
for 1 1 j + 2. (2.16) 
h(E) = Pj-kNc) + ‘2 (h(t), &k’(E)) njqlk’(<)) 
l=j-k+l 
i.e., 
(I - 3-k) h(E) = ‘5 (h(E), ‘$lkj (6)) I$‘&l,c’ (<). 
l=j-k+l 
So we have 
(2.17) 
SUPP (I- pj-k) h(t) C {t 1 aj-k+l 5 161 5 aj+2} 1 for h(t) E L:(R). (2.18) 
Sideways Heat Equation and Wavelets 
From (2.11), it follows that 
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By (2.18), we have 
By (1.9), e- 5 M/c and then 
Q:9f , 2(1-z)E2z 
i.e., 
Similarly, by using (1.6), we have 
< e~(lk-l-l) 
J 
(I_ p3_k) ,dml-~k-1),-dz 
a,-!%+1~lEl<a,+s 
f(O12 @
5 
,&atr-1-l) 
J O,--h+l~M~Q,+2 
(I - Pj_k) e--f(())2 d(. 
Define an auxiliary function Sj([) as follows: 
e(fi-@-‘, for I(1 E [cq, cXj+ktl], 
others. 
so 
and thus, in (2.22) it holds that 
e -&xr_1 = e-&FxLlsj_k+l(~) and Is,-k+l(t)i 5 1. 
(2.19) 
(2.21) 
(2.22) 
(2.23) 
(2.24) 
(2.25) 
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c;_k+l := s, /Sj-k+l(E)f(E)12 dt. 
Note that 
Sj-k+l(U(E) E L2(R), 
SUPPSj-k+l c {c 1 @j-k+1 < 151 5 Qj+2}, 
lim cxj_k+i = 00, 
j-co 
we have 
jlimWCj_k+i = 0. 
In addition, by (l.ll), we have 
c-&T = 2, 
so 
,~(zr-l-+\/~%-l = ~2~~xli-l-+)-J~j+l+l_-LzI_-I 
= e2~(zh_l-5)-2(1--1.)‘2~IL-1 
=e 
-&7i[2z-(2-2(‘-“)‘~)+I;-1] 
=e 
-~2[~-(1-2-(“+‘)‘2)11_1] 
2[1-(1-2-(~+‘)/2)rh_1] 
Combining (2.29) with (2.26), we have 
&II I cj-k+l 
(2.26) 
(2.27) 
(2.28) 
(2.29) 
(2.30) 
By condition (2.1), we have 
5 - 1 - 2-(“+1)‘2 2k-1 > 0, 
( > 
and from (2.30), we conclude that 
lim &II = 0, 
j’oo 
for 2 E [21~,5k_i). 
Combing estimation (2.21) with (2.30), it follows that 
li”s ll%j(? .) - &j(T .)I1 = 0, forzE[q,xk_i), k=1,2 ,.... (2.31) 
Finally, we prove that {zk} has a positive limit. Denote x-l = 1, by (2.1), we have 
?rk > 1 - 2(1+“)/2 
( 
) 2&i > (1 - 2(‘+“ji2) (1 - 2k’2) Zk_2 > ... 
> 
( 
1 _ 2(‘+“W) (1 _ 2W) (1 _ 2WP). . . (1 _ 2-W) . 
Let ek = (1 - 2-‘/2)(1 - 2-2/2)(1 - 2-3/2)...(1 -2-k/2) and e* = iim,ek = (1 - 2-lj2)(l - 
2-W). . . (1 _ 2-W). . . . 
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LEMMA 2.2. 
ek 2 1 - 2-l/’ 
( 
) _ (I-2-9 [2-z/2+2--3/2+...+2+‘2] 
= 
( 
1 -2-G 
)[ ( 
1 _ 2-2/z + 2-V + . . . + 2-k/2 >I 
PROOF. It is easy to know 
el = 1 - 2-li2 , 
( ) 
e2 = 1 - 2-1/2 
( ) ( 
_ 1 _ 2-w 2-212, 
) 
eg = e2 1 - 2-3/2 = 
( ) [( 
1 - 2-w 
) ( 
_ 1 _ 242) 29 (1 _ 2-3/s) 
= 1 _ 2-l/2 _ 1 _ 2-‘/z 242 _ 1 _ 2-l/2 2-s/2 + 1 _ 2-112 2-2/22-312 
( ) ( ) ( ) ( ) 
= 1 - 2-w - 1 _ 2-w 
( ) ( >[ 
2-W + 2-3/z] + (1 _ 2-V) 2-z/22-3/2 
> 1 _ 2-W _ 1 _ 2-W 
( ) ( )( 
2-2/z + 2-3/z) . 
Assume that 
e, 2 I_ 2-V _ I- 2-l/2 
( > ( >( 
2-212 +2--3/z +. . . +2-n/2 , 
> 
for n 2 3. 
Then 
e,+l = e, 1 - 2-(“+‘)/2 
( ) 
> I _ 2-l/2 _ 1 _ 2-l/2 2-212 +2-s/2 + . . . + 2-742 1 _ 2++w - K ) ( )( )I ( ) 
= 1 _ 2-‘/z _ 1 _ 2-l/2 
( ) ( )( 
2-2/2+2-3/z + . . . + 2-G) _ (1 _ 2-l/2) ++w 
+ (1 _ 2-G) (2-W + 2-W + . . + 2-742) 2-(n+1)/2 
, 1 _ 2-V _ 1 _ 2-W 
( > ( >[ 
2-W + 2-3/z + . . + 2-42 + 2-(n+1)/2 . 
I 
LEMMA 2.3. e* > 0. e* is a small constant. 
PROOF. Similar to Lemma 2.2, we have 
e* = e, 
( 
1 _ 2-(n+‘)/2 
)( 
1 _ 2-(n+2)/2 
> 
. . 
1 e, 1 _ 
[ ( 
2++1)/2 + 2-@+2)/2 + 2++3)/2 + . . . 
>I 
[ 
l- 
2++w 
= e, 1 _ g-112 = en 
1 i 
I _ l/d”+’ 
l-l/Jz 
) 
:= yn > 0, for n 1 3. 
We also have 
e* = e,+l 1 _ 2-(“+2)/z 
( )( 
1 _ 2-(“+3)/z )...>e,+l (I- :!$z) :=yn+l. 
then 
yn+l - yn = en [(l-~)(l-:!~,~)-(l-:~~~~)]=e~~)(I. 
so Yn+l > ?A. Thus, the sequence (9,) is strictly increasing and {e,} strictly decreasing. We can 
calculate by Mathematics that yl~~&0.037513016 and e10000~0.037513016. So it holds that 
0.037513 < e* < 0.037514. I 
REMARK. The conclusion of Theorem 2.1 in this paper seems weaker than the result of Theorem 5 
in [I], the proof of which is not fully correct. But e* is a small constant, so the conclusion here 
is still of important significance. 
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